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Stabilizing Model Predictive Control for LPV Systems Subject to
Constraints with Parameter-Dependent Control Law

Shuyou Yu, Christoph Bohm, Hong Chen, Frank Allgéwer

Abstract— This paper presents an infinite horizon model pre-
dictive control (MPC) scheme for constrained linear parameter-
varying systems. We assume that the time-varying parameter
can be measured online and exploited for feedback. The
proposed method is based on a parameter-dependent control
law which is obtained via the repeated solution of a convex op-
timization problem involving linear matrix inequalities (LMIs).
Closed-loop stability is guaranteed by the feasibility of the LMIs
at initial time. Compared to existing algorithms with static
linear control law and more restrictive LMI conditions, the
proposed scheme reduces conservatism and improves perfor-
mance, which is confirmed by a simulation example.

I. INTRODUCTION

Linear parameter-varying (LPV) systems play an impor-
tant role in both control theory and application. LPV sys-
tems represent a class of nonlinear systems which can be
controlled using linear-like control techniques. This explains
that in numerous practical control problems LPV systems are
used for controller design as e.g. in automotive [10, 11] and
aerospace [8, 18] applications. In the field of control theory
many research activities have focussed on the development of
control methods for LPV systems in the past, see for example
the results presented [1,2, 14, 17,23-25] for an overview.
Since model-predictive control (MPC) has well-known ad-
vantageous properties such as optimal solutions with respect
to the considered cost function and guaranteed satisfaction of
state and input constraints, see e.g. [6] and [7], clearly also
several MPC schemes that are able to deal with LPV systems
have been published in the literature [4, 5, 13, 15, 16, 19-22].
In most of those methods the control law is calculated by
repeatedly solving a convex optimization problem based on
linear matrix inequalities (LMIs) such that an upper bound of
a worst-case cost function is minimized. The approaches [5]
and [13] have not explicitly been developed for LPV systems
and therefore suffer from rather conservative LMI conditions
that have to be satisfied. However, they are a suitable choice
as MPC controllers for LPV systems since they robustly
stabilize an LPV system for all possible parameter variations.
The controllers suggested in [19] and [21] are restricted
to LPV systems with bounded rates of parameter variation.
Those approaches are not applicable to the case considered
in this paper where we assume that the parameters may
vary arbitrarily within a given set. The approach presented
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in [20] assumes the parameter to be measurable in real-
time. This knowledge on the parameter allows to obtain
in the first step an exact prediction of the future system
behavior and therefore reduced conservatism. However, as
discussed in [3] feasibility of the optimization problem
cannot be guaranteed. In the MPC controllers proposed
in [15] and [16], the control law is independent of the
system parameter. As [5] and [13] those approaches robustly
stabilize the considered LPV system. Thus, if the parameter
is measurable, this knowledge cannot be exploited. We will
show in this paper that the incorporation of the parameter
measurement in the control law may reduce conservatism and
improve the controller performance. A solution involving the
parameter measurement in the controller design is suggested
in [4]. However, this approach relies on conservative LMI
conditions. As will be shown those conditions can be relaxed
using results presented in [9],[12],[26] and [27].

The goal of this work is to derive a computationally attractive
MPC controller with guaranteed closed-loop stability for
discrete-time LPV systems subject to state and input con-
straints. The control law is calculated efficiently via solving
a convex optimization problem at each sampling instant
such that an upper bound of an infinite horizon worst-case
cost function is minimized. The obtained LMI conditions
are less restrictive than those of comparable approaches, as
for example [4, 5, 13]. Furthermore, the solution to the opti-
mization problem delivers a control law which depends on
the time-varying system parameter, which is assumed to be
measurable in real-time. The exploitation of this knowledge
on the parameter in the controller design in combination with
the relaxed LMI conditions reduces the conservatism and
improves controller performance when compared to many
MPC approaches for LPV systems, as for example [4, 5, 13].
The paper is organized as follows: After a short overview
on the notation used in the paper the following section
will introduce the considered system class, namely discrete-
time LPV systems, and present the MPC problem setup.
Section III derives the main result of this paper which
is a novel, stabilizing MPC controller for LPV systems.
The parameter-dependent control law is calculated via the
solution of a convex optimization problem based on LMI
conditions which are less conservative compared to existing
MPC approaches for LPV systems [4,5, 13]. In Section IV
we apply the proposed controller to a simulation example
and compare the obtained performance with existing MPC
schemes. It is shown that controller performance can be
improved significantly by our approach. Section V concludes
the paper with a brief summary.
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A. Notation

We denote 1; ;, as the i-th element of the vector 1. The
EXPIeSSion Ty |k (Up4o)x) denotes the predicted state w
(input u) at the time instant k + v, where the prediction
has been calculated at the sampling instant k. With I and 0
we denote an identity matrix and a zero matrix, respectively,
of suitable dimension. The vectors e,,, m = 1,..., Mmaz,
represent the column vectors of an identity matrix of dimen-
$ion Moz X Mumaq. With the expression Co{Fi,..., Fx}
we denote the convex hull of the N matrices Fi, ..., Fy.

II. PROBLEM SETUP

Consider discrete-time linear parameter-varying (LPV)
systems of the form

e = AlOk)wr + B(Ok)uk,
PR C(Hk)xk—i—D(Qk)uk,

(1a)
(1b)

subject to

m=12,...,n,, (2)

—Zm,max < Zm,k < Zm,mazx

where z;, € R™ denotes the system states, u; € R™ is
the control input, and 2z € R" denotes the constraints
output vector, which is not necessarily measurable. The
constant vector 2,4, defines the state and input constraints
for system (1). The system matrices A(f;) € R™*7=,
B(&k) € RMaXnu, C(0k> € R"™=*"= and D(Qk) € R"=x"u
are assumed to depend on the parameter vector 6, :=
014,02k, ,0nk]T € RN, which belongs to a convex
polytope P defined by

N
D Oikr=1, 0<0;p <1 (3)
j=1

We assume that the parameter 0 can be measured online.
Clearly, as 6 varies inside the polytope P, the matrices of
system (1) vary inside a corresponding polytope §2

A(0r)  B(0k)

€ Q, 4

[C(Qk) D(0k) @
which is defined by the convex hull of N local extremal
matrices [A;, B;,C;, D;], i =1,2,--- | N,

L A1 Bl A2 BQ AN BN
vl [ B[ BT B

Therefore, we can write the matrices of system (1) as

N N
AOk) = 0145, B(Ok) =) 0;xB;,
j=1 j=1

N N
C(0k) => 0;xCj,  D(6k) =>_0;4D;.

j=1 j=1
The control task is to stabilize the origin of system (1) with
a model predictive controller such that the constraints (2) are
satisfied. The MPC controller will be derived such that an
upper bound on the infinite horizon cost function

oo
T T
Joolke = max E {xk+u‘kak+v\k‘ + uk+v|kRuk+v\k} (6)
v=0

is minimized at each sampling instant k based on a prediction
of the system behavior into the future. In the considered
cost function ¢) > 0 and R > 0 are weighting matrices
of suitable dimension. Throughout this paper we assume
that the full state x; is measurable in real-time. Since we
also measure the parameter 6, at every sampling instant k
the current system matrices are known exactly. However, all
future systems matrices are uncertain and vary inside the
polytope €2 since we cannot predict the future behavior of
the system parameter 0y, x, v = 1,...,00. Therefore, in
the cost function (6) the worst case over all possible future
parameters has to be considered.

In the following section we derive an MPC controller based
on the parameter-dependent control law

uy, = K(0r)zy, (7

which is updated at each sampling instant via the minimiza-
tion of an upper bound on cost function (6). The parameter
dependency allows more degree of freedom in the controller
design and leads to less restrictive LMI conditions in the
optimization problem.

III. MPC USING LINEAR PARAMETER-DEPENDENT
FEEDBACK LAW

In this section, we propose a new model predictive con-
troller for system (1) subject to the constraints (2) by using
a parameter-dependent state feedback control law, which is
obtained via the solution of a convex optimization problem.
The conservatism of the LMI conditions inherent to this
optimization problem is reduced following the ideas pre-
sented in [26] and [27]. In combination with the parameter
dependency of the feedback law the obtained LMI conditions
provide more degree of freedom in the controller design such
that the obtained controller reduces the conservatism of the
methods proposed in [4,5, 13].

Suppose that K; € R™*™ is a time-invariant feedback gain
of the j-th vertex system. A suitable, parameter-dependent
feedback law for the whole LPV system is obtained via the
weighted average of the control laws designed for each vertex

N
K(0) = 0;iK;. (8)
j=1
Using control law (7), for system (1) we obtain the closed-
loop representation

(9a)
(9b)

Tht1 Ac(Or)x
Zk = Ccl(9k)yck.

where the system matrices A (6x) and Ci(6y) are given by

N N
> 0ikbik(Ai + BiK;),  (10a)

i=1 j=1

A (ek) =

N N
ZZQi,ij,k(Ci+Din). (10b)

i=1 j=1

Ccl (ak) =
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The following theorem derives conditions to obtain an upper
bound on cost function (6) using the system description (10).

Theorem 1: Suppose that there exist a symmetric,
positive definite matrix X, € R™ X" matrices
Yik,Yok,..., YN € R™*"= and a constant 7, € RT
such that the optimization problem at time instant &

min Vi (11a)

Vies Xk y Y1,k,Y2 k5o YN &
subject to
1 :Ug
>
Lk X}J >0, (11b)

N N
S  OikgowbyseronLi; > 0, (1lc)
=1 j=1

N N
SN koo Figm =0, m=1,2,...,n., (11d)
i=1 j=1

with the matrices

X * * *
AiXk+BiYj e Xi  x

Lij = Q%Xk 0wl ) (Ile)

R3Yj, 0 0 7l

27271 mazx e%(CZXk =+ Dz}/}k)
Fijm = ’ X, , (111)
has a feasible solution which holds for all 0y, € P,
v = 1,...,00, where x is the measured system state at

the sampling instant k. Then, with P, = v, X} LUK Gk =
Y e X, 1§ =1,...,N, and with the parameter-dependent
control law

Upgolk = K (Orgolk) o)k (12)

where K (0 o) =271 0, se+0(1 .- the following holds:

(a) The predicted states x| With zy);, = T} converge
to the origin as v — oc.

(b) The expression Vi, = zl Pyx) is minimized and
represents an upper bound on cost function (6) at the
sampling instant k.

(c) The predicted states ., and inputs ug | satisfy
the constraints (2).

Proof: The proof is divided into three parts in order to show
separately that the properties (a)-(c) hold.

Part (a): Multiplying (11c) from the left and from the right
with diag{X; ', 1,1,1} and substituting P, = v, X, ",
K;r=Y;xX, ', we obtain that

’yk_lPk. * * *
Aq(Orroie) WPyt % x
>
Q: 0wl =0

R3K(Ogop) O 0 el
holds for all Oy, € P,v = 0,...,00. By the Schur
complement this is equivalent to
AL Okgoi) PeAct (O o) — Po

+Q + K(Opsvje)" RK (Optox) < 0. (14

Multiplying from both sides with xf ok and Ty |k, respec-
tively, plugging in the system dynamics (1) and using (12),
it follows that the inequality

T T
Thpot1 ke DeThtot1)k — Thpo o PrThtolk
T T
F oo e @Oktvlk + U R0 < 0 (15)
is satisfied. Since Q > 0 and R > 0, clearly Vi, =
$g+v|kpk517k+v|k is a Lyapunov function and therefore the
predicted states Ty, converge to zero as v — oo.
Part (b): Using xj,o 1, — 0 for v — oo, by summing up (15)
from v =0 to v = co we obtain

o0
T T T
$k|kpkxk\k > Z$k+y|kQ$k+v\k + Uk+v|kRuk+v|k- (16)
v=0
Since this inequality is satisfied for all Oy ,x € P, v =
1,...,00, with Ty, = Ty it follows that

Vi = a?kamk > Joo|k- a7

Thus, Vi is an upper bound on cost function (6) at the
sampling instant k. Applying the Schur complement on (11b)

and substituting Py, = v, X, Y we conclude that
xi Pery = Vi < (18)

holds. Thus, minimizing i implies the minimization of Vi,
see [13] for details.

Fart (c): The predicted states and inputs clearly satisfy the
constraints (2) if

Thr ok Cat Ortoli) emen Cot (O sofk) Thsl < 2 mazs (19)

m =1,2,...,n,, holds for all 0}, € P and all v > 0. It
follows from (15) and (18) that

Tl ok Pkl < i Yo 2 0, (20)

Thus, inequality (19) is satisfied if

mz:rv\kocj;(ekﬂLU\k)eme;FnCCl(9k+v|k)$k+v|k
Z/I%l.mﬂ.l
T
T Przyy,
_ Zkolk” FPktolk <0 (21
Tk

holds, which is clearly the case if

Py G (Oxrop)emer Cat(Orrolr) >0 22)

2
Yk Zm,max

m = 1,2,...,n;, holds for all 0y, € P and all
v > 0. Using the definition of Cei(Oqor) in (10b), with
standard modifications we obtain (11d). Thus, satisfaction
of the matrix inequalities (11d) implies that (19) holds,
and therefore, the predicted states and inputs satisfy the
constraints (2). O

Remark 3.1: Note that in Theorem 1 for simplicity of
notation we have skipped the index % in the matrices L;;
and Fj; . It is clear from the definition of those matrices
in (11e) and (11f) that they change with k since they depend
on X k and Y}k
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Theorem 1 gives conditions for the minimization of an upper
bound on the infinite horizon cost function (6). However, the
matrix inequalities (11c) and (11d) depend on the unknown
future parameter 6y, ;. This makes it impossible to find
a solution to the optimization problem (11) in Theorem 1.
The following lemma gives conditions to reformulate the
conditions of Theorem 1 in terms of LMIs, which allow the
calculation of the solution to the optimization problem.

Lemma 1: [9,12] If there exist matrices A;; = AT, i =
1,...,N,j=1,..., N, such that the LMIs

Iiy>Ay, i=1,...,N, (23a)
Ly +T5 > A +A], i=1,...,N, j<i, (23b)
Aijlnxn 20, (230)
are satisfied, where
A1 AN
Aijlnxn =1+ - I (24)
ANt Ann
N
then with a;; ;; > 0, Y «; 1, = 1 VK, the parameter-dependent
matrix inequalities =
N N
>3 airejali; >0, (25)
i=1 j=1

are satisfied for all k.

Lemma 1 allows us to formulate LMI conditions as in (23)
such that a parameter-dependent matrix inequality of the
form (25) is satisfied. This can be used to reformulate the
optimization problem (11) in Theorem 1 in terms of LMIs.
In the following theorem, which derives the main result
of this paper, namely a novel, computationally attractive
MPC controller for LPV systems subject to constraints
with guaranteed stability and reduced conservatism, the
parameter-dependent matrix inequalities (11c) and (11d) are
reformulated as LMIs by applying Lemma 1.

Theorem 2: Consider the LPV system (1) subject to the
constraints (2) and the cost function (6). The MPC controller
with the optimization problem

i , 26a
"/kvXkaYLngQI,rl:}{leN,k,Tij,Sij T ( )
subject to
1 x;{
C >
[xk Xk] >0, (26b)
Ly >Ty, 1=1,2,--- N, (26c)
Lij+ Lji > Ty + T, i=1,...,N, j <i, (26d)
[Tislyxn 20, (260)
Fii,m > Sii,ma 1= 1727"' 7N7 (26f)
Fijm+ Fjim > Sijm+S5 0y i=1,...,N, j <i, (269

[Sijm]nxn = 0, (26h)

that is solved repeatedly at each sampling instant k& based
on the state measurement x, and where L;; and F}; ,,, are
as defined in Theorem 1, has the following properties with
Po=yX,and K;p =Y X j=1,...,N:
(a) The optimization problem (26) is convex. Furthermore,
it is feasible at the sampling instant £+ 1 if it is feasible
at the sampling instant k.
(b) The solution to the optimization problem (26) mini-
mizes the upper bound Vj = x{kak on cost func-
tion (6) at each sampling instant k.
(c) If the optimization problem (26) is initially feasible,
the control law

ug = K(0k)rr = K (01 )Tk, 27

asymptotically stabilizes the origin of system (1),
where K (0y),) is the first part of the optimal feed-
back sequence K (O y,k) = Zjvzl O koo Kk v =
0,...,00, calculated at the sampling instant k.

(d) The MPC control law (27) is such that the input and
state constraints (2) are satisfied for all k.

Proof: The proof is divided into four parts in order to show
separately that the properties (a)-(d) hold.

Part (a): It is trivial to show that the optimization problem is
convex since the conditions (26b)-(26h) are LMI conditions.
By applying Lemma 1 to the LMIs (26¢)-(26h) it can be
shown that the solution to the optimization problem (26)
at the sampling instant k has the same properties as the
solution to the optimization problem (11) in Theorem 1. Thus,
it follows from (15) that

(28)

is satisfied for all k. The first part of the input sequence
Upgol = K (Orto|k)Thyo|r predicted at the sampling in-
stant k is applied to the real system, i.e. u, = K(0f)xy =
K (Okk)Tr|k = ukk. Furthermore, no model plant mismatch
is present, i.e. Ty 1|y, = Ty+1. Thus, it follows from (28) that

(29)

holds for all k. This implies that the solution to the opti-
mization problem (26) at the sampling instant k satisfies the
LMIs (26b)-(26h) at the sampling instant k+ 1 and therefore
is a feasible solution to the optimization problem (26) at
sampling instant k + 1. It follows by induction that initial
feasibility implies feasibility at all future sampling instants.

T T
$k+1|kpkzk+1\k < xk.lkkak‘k

T T
IkJrlPk.'L‘;hLl < xy Pxy

Part (b): This property follows directly from the proof of
Theorem 1.

Part (c): It follows from part (a) that the feedback law K (6y,)
and the matrix Py can be calculated at each sampling
instant k if the optimization problem is feasible at the
first sampling instant. Under this assumption the expres-
sion Vi1 = achPkakH is minimized at the sampling
instant k + 1. Since Py is a feasible, however suboptimal
solution to the optimization problem (26) at k + 1, with (29)
it follows that

T T T
T Prr1Tey1 < Ty Py < xp Py (30)
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holds for all k. Clearly, Vi, = ngkxk is a Lyapunov
function and thus, system (1) is asymptotically stabilized by
the control law (27).

Part (d): It follows from the proof of Theorem I that at each
sampling instant k the predicted state and input trajectories
Tqo|k and U1 Satisfy the constraints (2) for all v > 0.
Since ux = U, and Ty, = Tre1, this clearly implies
satisfaction of the constraints (2) for all k. |

The proposed MPC controller is less conservative than
those suggested in [4,5, 13]. For example, the solution to
the optimization problem in [4] and [13] would have to
satisfy the condition L;; > 0, Vi,j = 1,...,N. Here,
this condition is relaxed by the parameter-dependent matrix
inequality (11c) which is satisfied according to Lemma 1 if
the (less restrictive) LMIs (26¢)-(26e) hold. Furthermore, the
exploitation of the measurable parameter 6y in the feedback
law (27) reduces conservatism of the schemes presented
in [5] and [13].

In the following section we apply the proposed MPC con-
troller to a simulation example which demonstrates the im-
provements obtained compared to the controllers suggested
in [5] and [13].

IV. SIMULATION EXAMPLE

To illustrate the effectiveness of the proposed approach
we consider, as in [5] and [13], the two-mass-spring model
(obtained from the continuous time model using a first-order
Euler approximation with sampling time 6 = 0.1s)

1 0 01 0 0
0 10 01 0

T g1 01 1 o || or|ue GD
0.1 —01 0 1 0

where m; and my are the two masses and p is the spring
constant. The positions of the masses are represented by the
states w1 and w2y, whereas x3 ) and x4 describe their
velocities. For the simulation the constant masses m; = 1
and me = 1 have been chosen. The spring constant has
been assumed to be a time-varying function of the sampling
instant k

fi = 5.25 — 4.75sin(0.5k). 32)

Note that as in [5] and [13] ux € [0.5,10]. Introducing the
parameters 61 = 1— "“_50'5 and 02 , = 1—01 j, system (31)
can be written in the form as considered in this paper, i.e.
the parameters 6; 5, ¢ = 1,2, satisfy condition (3) and the
matrices A; and B; = B, i = 1, 2, are as follows:

1 0 01 0
0 1 0 0.1

A= 005 005 1 o |* O
0.05 —0.05 0 1
1 0 01 0 0
0 1 0 01 0

Az = -1 1 1 o0 |’ B = 0.1 (34)
1 -1 0 1 0

The control objective is to steer the example system (31)
from the initial condition zo = [1 1 0 0]7 to the origin
while satisfying the input constraint |ug| < 0.05 for all k.
Since only one input constraint is considered, we obtain
n, = 1 and the matrices C' = [0 0] and D = 1 which
are independent of the parameter 6. We have applied both
approaches suggested in [5] and [13] to illustrate the reduced
conservatism and the improved performance obtained by the
MPC controller proposed in this paper. In the simulation the
matrices of the infinite horizon cost function (6) have been
chosen as Q = € R*** and R = 1.

Figure 1 shows the obtained simulation results. Compared
to the MPC approaches [5] and [13] the proposed MPC
controller steers the example system significantly faster to
the origin. The behavior of the input u;, shows that the novel
controller is able to react more efficiently on the varying
parameter 6. This results from the parameter-dependency
of the feedback law and from the less conservative LMI
conditions in the optimization problem. The reduced con-
servatism of the proposed controller is also illustrated well
by the behavior of v, which represents the minimized upper
bound on the worst-case cost function. Figure 1 clearly shows
that with the novel approach a significantly smaller upper
bound can be calculated at each sampling instant k. Thus,
the obtained feedback law is closer to the optimal solution
that would be obtained if the optimization problem could be
solved analytically.

To summarize, the application of the proposed MPC con-
troller to the example system shows, that the parameter-
dependency of the feedback law and the reduced con-
servatism of the LMI conditions can lead to significant
performance improvements when compared to the MPC
approaches [5] and [13].

V. CONCLUSIONS

In this paper a novel, computationally attractive MPC
approach for linear parameter-varying systems has been
derived. The control law, which depends on the measurable
system parameter, is the solution to a convex optimization
problem based on linear matrix inequalities that is solved
repeatedly at each sampling instant. If the optimization
problem is initially feasible, the approach guarantees closed-
loop stability and satisfaction of state and input constraints.
The obtained optimal solution minimizes an upper bound
on the considered worst-case infinite horizon cost function.
It has been shown that, due to the parameter-dependency of
the control law and due to relaxed LMI conditions, the novel
approach reduces the conservatism of the well-known MPC
methods presented in [5] and [13]. The obtained results have
been confirmed by a simulation example.
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